The acoustic nonlinearity parameter B/A plays a significant role in the characterization of acoustic properties of various biomaterials and biological tissues. It has the potential to be an alternative ultrasound imaging modality, particularly for the contrast ultrasound imaging with microbubbles. The development of effective means for measuring the nonlinearity parameter of suspensions of ultrasound contrast agents (UCAs, also known as bubbly liquids) remains incomplete. Beginning with a brief review of existing methods for the measurement of the nonlinearity parameter B/A of bubbly liquids, we formulate a new equation based on the thermodynamic method that correlates both attenuation and phase velocity of linear ultrasound. The simplicity of the present method makes the B/A estimation possible with a relatively rigorous mathematical derivation. Numerical results from this method provide a bounded value of the nonlinearity parameter B/A, of which the low-frequency limit agrees with that calculated by the mixture law as long as the volume fraction bellows 10 -4 . The maximum values of B/A in bubbly liquids can go to the order of 10 5 , which is substantially higher than that of conventional biological media. Furthermore, the values of B/A of bubbly liquids can be negative, indicating significantly different thermodynamic properties from common nonlinear biological fluids, which refers to the "retrograde" phenomenon and is for the first time calculated theoretically for bubbly liquids.
INTRODUCTION
Thanks to microbubbles capacity of scattering ultrasounds and thus improving the signal to noise ratio, They have been used as ultrasound contrast agents for decades. Nonlinear ultrasound imaging based on the scattering signals requires relatively higher excitation pressures giving rise to safety concerns. In addition to the conventional imaging modalities and diagnostic parameters, such as harmonic and subharmonic imaging, new imaging modalities are under developing (e.g. photo-acoustic, elasto-acoustic waves). B/A imaging has attracted back some attention recently (Varray, Basset et al. 2011 , Van Sloun, Demi et al. 2015 . Due to the inherent connection between B/A and the acoustic property of materials, the nonlinear parameter B/A has been an important physical constant of characterizing different acoustic materials and biological media (Law, Frizzell et al. 1985 , Errabolu, Sehgal et al. 1988 , Dong, Madsen et al. 1999 , Duck 2002 , Gong, Zhang et al. 2004 . B/A is a ratio of expansion coefficients derived from the equation of state of fluids (pressure and density relation) for an adiabatic process by the Taylor series expansion up to the second order (Fox and Wallace 1954, Beyer 1960) . B/A of various materials has been studied extensively in industrial, chemical and biological fluids since Beyer proposed this material constant which may be measured by a thermodynamic technique (Bjørnø 1982 , Bjørnø 2002 , Trarieux, Callé et al. 2014 , Renaud, Bosch et al. 2015 .
The presence of bubbles in a liquid introduces dispersion, increased attenuation and nonlinearities to the medium (bubbly liquid). The dispersion relation and attenuation of acoustic waves-that provide a feasible way to characterized the rheological properties of the bubbles (or Ultrasound Contrast Agents) -have been studied extensively both in theories and experiments (Wijngaarden 1972 , Commander and Prosperetti 1989 , Sarkar, Shi et al. 2005 , Xia, Porter et al. 2015 , Xia and Sarkar 2017 . Notwithstanding the importance of the second-order acoustical nonlinearity parameter B/A, its measurements for bubbly liquids has not yet received sufficient attention. Especially, the thermodynamic method for measuring B/A has been ignored over the past decade (Hélène, Anthony et al. 2009 , Renaud, Bosch et al. 2015 . Not only is this due to a more complicated situation in bubbly liquids, but also the published methods have not provided a practically usable yet theoretically accurate way for the acoustic measurements involving broadband techniques (excites bubbles using multi-frequencies instead of single one), which is commonly used in acoustic experiments (Chatterjee, Sarkar et al. 2005 , Xia, Porter et al. 2015 .
When a sinusoidal acoustic wave of finite amplitude propagates through a nonlinear medium, the wave may distort, and the energy at the fundamental frequency could be transferred to other harmonics. This gives rise to the so-called finite-amplitude method (Beyer 1960 , Cobb 1983 , which relates the B/A to the ratio of the second harmonic and source amplitudes of the pressure wave. It quantifies the distortion of the acoustic wave using the values of B/A, thereby enables experimental measurements for media of moderate nonlinearity. Beyer was the first one who proposed the finite-amplitude method for measuring B/A of different materials. Initially, it did not account for the attenuation and thus may be not proper when being used for characterizing highly attenuative media like bubbly liquids. To overcome this shortage, Cobb proposed an improved finiteamplitude method containing dissipation of media (Cobb 1983) . The expression in his paper is then adopted by many authors to measure B/A of bubbly liquids (Wu, Zhu et al. 1995 , Ma, Yu et al. 2004 .
For bubbly liquids, the bulk acoustic nonlinearity is contributed by both phases of the equation of state, nonlinear dynamics of the bubbles, the bubble density and distribution, as well as the convective effect. By assuming a low density or volume fraction of the bubbles, Bjørnø proposed the so-called parametric-array method to characterize the nonlinearity parameters B/A of bubbly liquids (Bjørnø 1982) . This method is based on the equation derived by Westervelt using parametric array (Westervelt 1963) . The effective B/A was obtained as a result of the coefficient comparison. It is able to capture B/A in dispersive media. His results predict the B/A at resonance to be more than 10 3 times that outside resonance.
The thermodynamic method calculates B/A directly from its definition by experimentally varying hydrostatic pressures to determine the changes of sound speed (Beyer 1960 , Trarieux, Callé et al. 2014 , Renaud, Bosch et al. 2015 ; while the finite amplitude method relates it to the amplitude of the second harmonics (Wu, Zhu et al. 1995) . The inaccuracy of both the above methods has long been recognized. The situation for bubbly liquids is even more complicated. The thermodynamic method could result in unpredicted errors due to gas transfer between bubbles and the surrounding medium (Kabalnov, Klein et al. 1998 ). The finite amplitude method has an even higher inaccuracy of 10%, compared with that of 4% in thermodynamic approach (Bjørnø 2002) . Although some authors claimed a decreased inaccuracy of 4.4% (Wallace, Lloyd et al. 2007) , the error in the measurement of bubbly liquids is still high (Wu, Zhu et al. 1995) . In addition, it may require relatively higher excitation amplitudes that will produce increasing nonlinearities from drastically oscillating bubbles in the medium. Another method which may also be used to measure the B/A of bubbly liquids is the mixture law of nonlinearity parameters (Apfel 1983 , Everbach, Zhu et al. 1991 . However, this method can only be suitable to measure bubbly liquids at low-frequency limit (Zaitsev, Dyskin et al. 2009 ).
We develop an approach to investigating B/A for bubbly liquids based on the thermodynamic method, along with the dispersion relation of bubbly liquids. Using the formula derived in the present paper, we are able to estimate B/A using the quantities of both attenuation and phase velocity. The derived formula is readily applicable to broadband measurements. Finally, we present numerical results and calculate the nonlinearity parameter B/A of monodisperse lipid-encapsulated microbubbles using the proposed formula. The scope of the current method is also discussed.
THEORETICAL BACKGROUND
For the convenience of reading, we briefly review the existing formulations for the evaluation of B/A in bubbly liquids and address possible concerns for each of them. Noticing that a lot of beautiful treatments of nonlinear acoustics are available in the literature, we limit ourselves to the work relevant only to bubbly liquids. Hence, this review may be subjected to some sorts of bias.
Thermodynamic method
The earliest literature covering nonlinearity in an acoustic medium distorting the propagating waves may date back to Earnshaw and Riemann (Earnshaw 1860) , who correlated the distortion of sound waves to the polytropic constant of gas. In order to characterize the nonlinearity in fluids, Fox and Wallace first gave the definition of B/A that is equal to 1  − when the medium is purely an ideal gas (Fox and Wallace 1954) . From this perspective, B/A of a liquid is analog to the polytropic constant of gas, acoustically. The expression of B/A was obtained by assuming the pressure is a function of density and entropy ( where the p V is just the instantaneous sound speed (or phase velocity for dispersive media).
Since the nonlinearity of a medium is closely related to the molecular structure and heterogeneity of the medium, Beyer proposed the nonlinearity parameter B/A may be employed in the characterization of biological fluids and soft tissues (Beyer 1960) . Experimental measurements of B/A may be performed by varying the hydrostatic pressure and then measuring the changes of the phase velocity with the following approximation This method requires the pressure changing rapidly to maintain the isentropic condition but still smoothly to avoid the formation of shocks. As for the measurement of dispersive media, the use of a monochromatic wave usually ignores a fact that the difference of phase velocity may not be appreciable with respective to the hydrostatic pressure. Therefore, experimental measurements based on the above method require elaborate techniques and apparatus (Law, Frizzell et al. 1985 , Cain 1986 , Trivett, Pincon et al. 2006 , Hélène, Anthony et al. 2009 , Trarieux, Callé et al. 2014 ), which may not be suitable in the standard ultrasound exams (Varray, Basset et al. 2011 ). This issue is even prominent when it comes to bubbly liquids. Because bubbly liquids are highly dispersive media, as we shall see, the variation of phase velocity is closely associated with the excitation frequency, at which the difference of phase velocity could not be measurable if the wave is of a single constant frequency. On the other hands, methods based on the above approximation may smear out certain essential characteristics of bubbly liquids (see the result sections for details).
Finite-amplitude method
The distortion of acoustic waves is usually measured by the strength of the second harmonics, which can be obtained by applying the Fubini expansion to the nonlinear wave equation (Fubini 1935 ). Beyer introduced the finite-amplitude method briefly based on the Fubini expansion to the estimation of lossless media. Cobb improved the result by incorporating attenuation and dissipation, which had been presented before by Tharus et al. for acoustic waves in air (Thuras, Jenkins et al. 1935) . His method has been widely used in measuring the nonlinearity parameter of biological tissues and biomaterials (Zhu, Roos et al. 1983 , Sehgal, Brown et al. 1986 , Trarieux, Callé et al. 2014 . In this method, the second harmonic pressure was given by the following relation (Cobb 1983) 
the nonlinearity coefficient (some authors also denote it by  ). The first term "1" in this expression accounts for the self-convective effect contributing to the nonlinearity of propagation of acoustic waves arising from the continuity equation (Hamilton and Blackstock 1988, Everbach 1998) . Together with the inherent material nonlinearity parameter B/A, it describes the distortion of propagation waves in the medium. Experimental measurement can be done by measuring the values of 2 1 2 1 , , , PP at different locations away from the transducer source (varying x ), then the nonlinearity parameter is able to be determined by fitting the experimental data to the above equation (Cobb 1983 , Wu and Zhu 1991 , Varray, Basset et al. 2011 . Later on, Ma developed a formula to evaluate the B/A by calculating the second harmonics with the help of a linear wave equation (Ma, Yu et al. 2004) . In this equation, the nonlinearities are assumed to be mainly due to the nonlinear behaviors of the bubbles. Ma's method is similar to that of Wu (Wu, Zhu et al. 1995) . In order to capture the second harmonics, Ma used a quasi-linear Rayleigh-Plesset equation (RPE) including the second harmonics generated by the nonlinear oscillation of the bubbles, as supposed to the linear RPE (Xia, Porter et al. 2015) .
However, Xia has shown that, at low excitation pressures, a softer lipid bubble does not oscillate nonlinearly (Xia, Porter et al. 2015) . Therefore, the Albuneux UCA, which is much stiffer than the typical lipid-coated microbubble, is not expected to generate a noticeable second harmonics. The same phenomenon has also been observed in the measurements of polymer coated microbubbles (Xia, Paul et al. 2014 ). Furthermore, the dissipation of the medium might damp out the higher harmonics generated by the nonlinearity (Enflo and Hedberg 2006) . In bubbly liquids, consequently, the dispersion of the mixture could also counteract the generation of the second harmonics resulted from the nonlinearity of the medium. The detailed discussion is presented in the results section.
Mixture-law Method
Since the presence of air bubbles in water can drastically alter the acoustic properties of the medium, Apfel developed a formula to calculate the B/A of gas-liquid mixtures (Apfel 1983 , Everbach, Zhu et al. 1991 . According to the theory, the compressibility of the gas phase is assumed to dominate the contributions to the altered acoustic characteristics.
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Here the subscript g stands for gas phase and w stands for the water phase. 0  is the volume fraction. Comparing with the finite amplitude method that considers the second harmonics emissions due to nonlinear oscillations of bubbles, the above formula does not account the oscillations of the bubbles explicitly.
Based on the above analysis, to meet both practical and theoretical satisfactions, we may start with the linear dynamics of bubbles and directly employing the definition of B/A. Thus, our approach is still in the framework of the so-call thermodynamic method.
NEW FORMULATION

Linear waves propagating in bubbly liquids
Noticing the linear dynamic behaviors of bubbly liquids, we start our method from the thermodynamic approach. We write down the dispersion relation for linear waves propagating in bubbly liquids (Commander and Prosperetti 1989) 0 00 2 0 2 2 2 00
Here c is the complex sound velocity in bubbly liquids, and 0 c is sound velocity in pure water; 0  is the bubble's pulsation resonant frequency. Here the damping constant  equals 0 2/ b  according to the paper. Also, we have denoted 0 /  = . The nonlinearity parameter is defined as (Beyer 1960) 
is the phase velocity, 0 P P p = +  is the instantaneous pressure, and 0 P is the hydrostatic pressure. Since 00 () P P p P  =  +     , taking derivative of the phase velocity with respective to 0 P , we have ( )
It is not difficult to see that
Recall the relation between phase and complex phase velocity, differentiating it gives 
Remember that
Linear oscillations of a microbubble
To derive the expression for 00 / P 

, we consider the dynamics of a single ultrasound contrast agent. Although the shell buckling phenomenon has been observed for UCAs with various shells, the occurrence of such phenomenon at the linear region is still debating. Predictions of coated microbubbles of linear oscillations by various models gave the very similar results. More detailed analysis of this problems can be found in (Xia, Porter et al. 2015) . Therefore, we employ the Constant elasticity viscoelastic model as a matter of simplicity (Sarkar, Shi et al. 2005 ) 
is the nonlinear parameter of the pure water that usually takes a value of 5 (Beyer 1960) .
Eq. (14) does not depend on the excitation pressure, since attenuation measurement always assumes linear bubble oscillations and linear wave propagation. Therefore, the nonlinearity is entirely due to the concentration and linear oscillation of bubbles in the suspension. Therefore, the equation measures how the bubble concentration and linear oscillation contributes to the nonlinearity of the bubbly liquids. We realized that the bubble oscillates violently at higher excitation pressures which will result in higher values of B/A. However, in this situation, B/A is not a constant anymore.
Adaption to experimental measurements
Another significance of the present method is its adaptability in experimental measurements. A standard acoustic characterization usually acquires data of attenuation and phase velocity. We are able to estimate the B/A using these two datasets. To further simplify the Eq. (14), we have to assume monodisperse size distribution of bubbles in the medium so that Eq.(1) becomes In the next section, we will show some comparisons between the new formula and published results using finite amplitude method.
RESULTS AND DISCUSSIONS
Comparisons
Little work was dedicated to the effect of a quasi-static change of ambient pressure on acoustic wave propagation in a suspension of ultrasound contrast agents. Here we can only find the results using DEAT, which calculated the B/A of a suspension of SonoVue microbubbles (Renaud, Bosch et al. 2015) . We applied the same shell parameters and size distribution as in the paper. The comparison is displayed in figure 1, which has a fairly good agreement with each other. The resonant frequency of SonoVue is about 1.7 MHz. Figure 1 also clearly shows that the B/A can be negative and frequency-dependent. Since attenuation and phase velocity are frequency dependent, and so is the Eq.(20), we take the maximum as effective values for the B/A in our calculations to compare with experimental results measured by the finite-amplitude method. We put our calculations along with the published results (Wu, Zhu et al. 1995 , Ma, Yu et al. 2004 in Table 1 . For the free bubbles, we have taken 0, 0, 0.072 N/m ss E  = = = in CEM. in our calculation does not occur at the resonant frequency. As we can see it from figure 2, the maximum value of B/A is located at 11.13 MHz. Except that, the maximum values of B/A always associate with the resonant frequency.
Results
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Figure.2:
Calculations of the nonlinearity parameter B/A, attenuation and phase velocity at bubble volume fraction of 8×10 -3 , 1×10 -4 , 1×10 -5 , and 1×10 -6 for free bubbles of monodisperse distribution, 0 3.3 μm R = .
From Figure 2 we can see that, at the resonant frequency, there exists extremum value in each curve. But maximum value does not always locate at the resonant frequency. Instead, the maxima of B/A appears where the phase velocity changes fast. When the bubble volume fraction is low, our calculation of maximum B/A approaches to the resonant frequency (See Figure 2) . Although our formula does not consider the second harmonics, from both Ma's and our calculations, the bubble volume fraction is the main contribution to the nonlinearity of the bubbly liquids. According to Ma's formulation, increasing bubble volume fraction doesn't decrease B/A. It contradicts to the theoretical results (Apfel 1983 , Everbach, Zhu et al. 1991 , Wu and Zhu 1991 . When the bubble volume fraction bellows 10 -4 , we can see that all the drastic variations happen at the resonant frequency (see graphs in Figure 2 ). Wu's experiment might still overestimate the parameter of nonlinearity in bubbly liquids.
Negative nonlinearity parameter
In studying shock waves, the fundamental derivative, which is exactly the nonlinear coefficient Γ in Eq.2 , plays a key role in the distortion of acoustic and shock waves (Kluwick 1991) . A negative Γ usually results in many unusual phenomena that cannot be explained using the theory of classical nonlinear acoustics (Thompson, Carofano et al. 1986 , Thompson 1991 , Guardone, Colonna et al. 2014 . Experimental observations on the negative nonlinearity parameter of bubbly liquids or suspension of air-filled glass beads have been reported (Trivett, Pincon et al. 2006 , Hélène, Anthony et al. 2009 , Zaitsev, Dyskin et al. 2009 , Trarieux, Callé et al. 2014 , Renaud, Bosch et al. 2015 . Zaitsev et al and Renaud et al. claimed that the negative values of B/A related to the shell buckling of the bubbles in the suspensions resulting in the decrease of the phase velocity. However, as we mentioned before, negative nonlinearity parameter has also been found in liquid-vapor systems, in which buckling phenomenon may not be applicable. Remember that in the present model, the state of shell buckling is not included. Therefore, Although the buckling of the shell could amplify the negative B/A, their relationship is not evident.
With the formula obtained in this paper, we calculate the values of B/A for the bubbly liquid containing free microbubbles. Not only can B/A be negative, but also can changes signs with respect to the excitation frequency (see graphs in Figure 3 ). This unusual phenomenon is captured and calculated theoretically by the present formula. It may indicate that bubbly liquids are retrograde fluids (Cramer and Sen 1986) . In shock theory, a retrograde fluid condenses on isentropic compression of shock waves, in contrast with regular fluid that condenses on isentropic expansion, such as water. From Eq.(20) we can readily see that the last 2 terms contribute to the negative values. The variation of B/A in figure 3 suggests that the bubbly liquid has mixed nonlinearities (change signs). The microbubbles in the bubbly liquid significantly change the thermodynamic properties of the water.
We investigate the impact of bubble volume fraction 0  , initial radius 0 R , hydrostatic pressure 0 P , and excitation frequency f separately. The Curves plotted in Figure 3 with the resonant frequency of 0.9669 MHz. Therefore, even though the changes in bubble radius is small, its impacts on the negative B/A is significant. The impact of hydrostatic pressure on the B/A has been investigated experimentally for a composite medium consisting of hollow microspheres suspended in Castor oil (Trivett, Pincon et al. 2006 ). Here we produce a curve of similar shape in the third graph in It has been found that the nonlinearity parameter B/A depends on the excitation frequency (Hélène, Anthony et al. 2009 , Renaud, Bosch et al. 2015 . In terms of our method, we can easily see that the frequency-dependent nature. The extremum amplitudes of B/A occur near the resonant frequency. When the frequency further increases, the B/A decreases to 5. It indicates that the present of bubbles does not bring additional nonlinearity to the water when the excitation frequency is sufficiently high.
Impacts of encapsulations
To evaluate the effects of the outer shells of coated bubbles in bubbly liquids, we plotted the B/A with respect to the dilatational viscosity and dilatational elasticity in 
Impacts of the bubble volume fraction
To further investigate the nonlinearity of bubbly liquids containing free microbubbles of monodisperse distribution (avoiding debates on the buckling effect), we computed the variation of B/A with respect to the bubble volume fraction (See the blue curve in the left graph of Figure 5 ). When the bubble volume fraction 0  approaches to zero, the value of B/A falls to 5, which is the nonlinearity parameter of the pure water. B/A does not vary too much and remains below 10 until the volume fraction reaches at 10 -9 , indicating the density of bubbles has little impact on the overall nonlinearities when the bubble density is low (Bjørnø 1982) . With continuing increasing the volume fraction, a peak of B/A = 7.54×10 5 shows at the location of 7.28×10 -4 . Then the B/A decreases with further increasing the volume fraction, which lowers down to 328.44 at 0 1  = . Note that for idea gasses, /1 BA  =− (Fox and Wallace 1954, Beyer 1960 ) and thus the upper bound of B/A, in this case, should be 1.4 -1= 0.4 (at which 0 1  = , see the red dashed curve in Figure 5 ), instead of 328.44. This discrepancy is due to the assumption of the effective medium approach for deriving the dispersion relation Eq.(1). In the derivation, we have approximated the density of bubbly liquids 0 0 0
( , we may need to employ the theory that includes higher-order multiple scattering effects (Kargl 2002) .
Figure.5:
The calculated nonlinearity parameter B/A of bubbly liquids containing free monodisperse bubbles vs. Bubble volume fraction. Left: present calculation (blue curve) and Calculation using Apfel's formula (red dashed curve); Right: present calculation in low-frequency limit (blue curve) and Calculation using Apfel's formula (red dashed curve). The excitation frequency is below 0.75 MHz, 0 3.3 μm R = .
To investigate the validity of present formulae, we also compare our results at lowfrequency limit, in which the mixture law of nonlinearity parameter may be applied (Apfel 1983 , Everbach, Zhu et al. 1991 . As it is displayed in the right graph of Figure 5 A question regarding the B/A of bubbly liquids is still outstanding: What is the main contribution to the B/A of bubbly liquids, the mere presence of the bubbles and their linear oscillations, as accounted for here, or the nonlinear oscillations of the bubbles? If it is the latter case, increasing excitation pressures would promote the nonlinear oscillations and hence increases B/A, which loses its physical significance as an acoustic parameter of bubbly liquids. If it is the former case, we can easily verify from the left graph in Figure 5 that the value wound not be that high with using only the mixture law of nonlinearity parameter (Apfel 1983 , Everbach, Zhu et al. 1991 . The mixture law of nonlinearity parameter is valid at low-frequency limit when the bubble is far away from its resonant frequency. The current model accounts for linear oscillations of bubbles and provides a constant B/A for a bubbly liquid for all excitation at a given frequency. Admitting nonlinear oscillations will result in non-constant B/A.
Although the presumption of a non-dispersive medium in the mixture law matches experimental results of biological media, it may be not accurate in estimating B/A of bubbly liquids, as it neglects the oscillations. In this case, we can readily calculation the contributions from linear oscillations.
Concerns on the assumption of linear propagating waves
For bubbly liquids, whether a high nonlinearity parameter gives rise to significant distortion of the initial propagating waves can be characterized by the Goldberg number 1/ ( ) l  = (Goldberg 1962 , Blackstock 1964 , here
is the discontinuity distance (at which a shock forms), and 0 U is the initial particle velocity (Trivett, Pincon et al. 2006 ). If the Goldberg number is smaller than 1, the linear attenuation dominants and distortion of the wave profile is not evident. We can estimate 0 Therefore, the distortion is not significant, and the propagating wave in the suspension of SonoVue microbubbles is still linear, of which linear attenuation theory is still valid. This fact is also the theoretical foundation of using the linear dispersion relation to derive the nonlinearity parameter B/A. In other words, a high nonlinear medium (e.g., bubbly liquids) does not necessarily generate a distorted wave due to the fact that the dispersion of the bubbly liquid is able to attenuate the higher harmonics generated by the nonlinearity, and finally the distorted wave is again monochromatic and satisfies the linear wave equation-Burger's equation without nonlinear term. More substantial theoretical treatments may be found in (Enflo and Hedberg 2006, Lauterborn, Kurz et al. 2014) .
CONCLUSIONS
We derived an expression of B/A using the theory of linear acoustic waves in bubbly liquids. We proposed a new model which predicts results in agreement with past calculations using the finite amplitude approach. The new formula derived in the paper avoids using the second harmonics as well as the direct thermodynamic method that involves in elaborate experimental techniques. The formula is relatively simple and uses phase velocity and attenuation coefficient that can be directly measured by broadband technique. The nonlinear parameter B/A calculated by the new formula decreases with increasing the shell viscosity and elasticity of coated bubbles. A maximal value of B/A is reached at a given frequency, suggesting there is a saturation of nonlinearity of bubbly liquids regardless of higher bubble volume fractions. The low frequency result agrees with the mixture law of the nonlinearity parameter. The maximum values of B/A always locate near the resonant frequency of the bubbles. The bubble volume fraction together with oscillations of the bubbles are the main contribution to the nonlinear parameter. In bubbly liquids, negative values of B/A can also appear due to the frequency-dependent of phase velocity. Although the analysis mainly rested on the results from monodisperse free bubbles, our calculation can be easily extent to coated bubbles with poly-distribution by virtue of Eq. (14). Note that we adopted the effective medium assumption (low bubble volume fraction) with the restriction to the linear dynamics of bubbles, which is sufficient for acoustic experiments of linear attenuation, future works can be focused on bubbly liquids of large bubble volume fractions, e.g. 
